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Abstract-We carried out a numerical simulation of InP solution growth by the travelling heater method 
(THM). We introduced the governing equations and made clear the parameters which govern solution 
growth by THM. The velocity, temperature and concenlration fields and the solidification processes were 
simulated by the finite difference method and the boundary fit method. The effect of thermal convection 
on the crystal growth rate and the constitutional supercooling occurring in indium solvent was investigated. 

~(3 1997 Elsevier Science Ltd. 

INTRODUCTION 

The travelling heater method (THM) is considered to 
be one hope for growing single high quality III-V or 
II-VI compound crystals which will be future 
materials for fast electronic or optical devices, and 
has been investigated experimentally [l-13]. A. N. 
Danilewsky et al. [6, 8, 91 were the first researchers to 
grow InP by the travelling heater method. They 
showed that it is dificult to grow a single long crystal 
by solution growth. 

Although quite a few experiments have been carried 
out, there are not enough theoretical or numerical 
studies and it is necessary to do theoretical and 
numerical work in order to understand crystal growth 
by THM quantitatively. H. E. Sell and G. Miiller 
[14] carried out a numerical modelling and a one- 
dimensional numerical simulation. Yu. V. Apanovich 
and E. D. Ljumkis [ 151 were the first researchers to 
carry out a two-dimensional analysis of solution 
growth by THM including the effect of thermal con- 
vection. S. Matsumoto et al. [ 161 carried out a numeri- 
cal analysis of melt growth by THM using the bound- 
ary fit method and made clear the effect of thermal 
convection on the shape of the melt-crystal interface. 

In the case of solution growth, the temperature and 
concentration at the solution+rystal interface and the 
shape of the solution-crystal interface are unknown 
and therefore must be determined by phase diagrams. 

t Author to whom correspondence should be addressed. 

Another important factor is constitutional super- 
cooling which may occur in the solution and may, 
therefore, generate polycrystals. Our ultimate goal is 
to find the optimal conditions for obtaining single 
high quality compound crystals by THM and the pur- 
pose of our present study is, as a first step, to introduce 
a mathematical model for InP solution growth by 
THM, to solve the problem numerically and to make 
clear the effect of buoyancy convection on the super- 
cooling occurring in the solution. In this paper, we 
focus on the transient crystal growth process with no 
heater movement until the process reaches the steady- 
state. We are also investigating the effect of heater 
speed, the result of which will be published soon. 

In the first section, a mathematical model and the 
governing equations are introduced. In the next 
section, the numerical technique using the boundary 
fit method is explained so that the position and shape 
of the solution-crystal interface can be treated as 
unknown factors. In the final section, the result of 
the numerical simulation is shown and the effect of 
buoyancy convection on the growth rate and the con- 
stitutional supercooling is discussed. 

MATHEMATICAL MODEL AND GOVERNING 
EQUATIONS 

We made a model of crystal growth by THM as 
shown in Fig. 1. The calculation area is divided into 
three regions ; (1) Solid I (single crystal rod) ; (2) Solu- 
tion ; (3) Solid II (feed rod). The solution and the 
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NOMENCLATURE 

aspect ratio (Fig. I) 
absolute concentration of phosphorus 
concentration of phosphorus 
(equation (9)) 
specific heat at constant pressure 
diffusion coefficient of phosphorus in 
indium solvent 
nondimensional position of interface 
gravitational acceleration 
nondimensional number (equation 
(18)) 
latent heat 
Prandtl number (equation (18)) 
heat flux 
heat flux (equation (1)) 
nondimensional heat flux, q/q,, 
r-coordinate 
position vector 
radius of ampoule 
nondimensional r-coordinate 
Rayleigh number based on 
concentration (equation (I 8)) 
Rayleigh number based on 
temperature (equation (18)) 
degree of constitutional supercooling 
(equation (22)) 
Schmidt number (equation (18)) 
Stefan number (equation (18)) 
time 
temperature 
Taylor number (equation ( IS)) 
nondimensional velocity 

: z-coordinate 
Z non-dimensional :-coordinate 

Z,, position of centre of heater. 

Greek symbols 

li temperature coefficient of volume 
expansion 

., concentration coefficient of volume 
expansion 

‘7 coordinate (equation (19)) 
I) nondimensional temperature 
K thermal diffusivity 
i thermal conductivity 
1’ kinematic viscosity 

jr, coordinate (equation (20)) 
6 coordinate (equation (21)) 

PI, density 
7 nondimensional time 
Y nondimensional stream function 
(1, nondimensional vorticity 
n angular frequency. 

Subscripts 
f melting point of InP 
L solution 
R radial component 
Sl solid I 
s2 solid II 

: 

vertical component 
angular component 

I interface between solution and solid I 
2 interface between solution and solid I1 

solids are placed in a vertical cylindrical ampoule. The 
solution has a free surface and is heated by a lateral 
heater. The heat flux at the surface is given externally 
as equation (I), which is based on our experimental 
system using a mirror furnace. 

q = YoflZ- Z,,) 

f(Z) = uZX+hZ6+(.Z4+dZ2+e (1) 

where Z is the nondimensional coordinate in the ver- 
tical direction (see Fig. I) and f(z) is dimensionless. 
Coefficients LI. h, c, d and e are dependent on the 
furnace and 2.48 x 10“‘. -2.17 x 10”. 7.29x IO’, 
- 1.20 x 1 O5 and 1 .O are assigned in our case. q is the 
total heat flux including radiative and convective heat 
transfer at the surface and the temperature and heat 
flux will be nondimensionalised using qn later. The 
heat is removed from the top and the bottom. The 
heat input from the heater is equal to the amount of 
heat output removed from the top and the bottom. 

The lateral wall is thermally insulated except in the 
heated regions. The ampoule is rotated at an angular 
frequency of R. The temperature at the solution-solid 
interface and the concentration of phosphorus at the 
solution side of the interface are unknown and, there- 
fore. must be determined by the liquidus curve of the 
InP phase diagram [I 71, which is shown in Fig. 2. 

In this section, the nondimensional governing equa- 
tions and the boundary conditions are introduced for 
each region and the parameters which govern crystal 
growth by THM are made clear. The coordinate r and 
time r are nondimensionahsed as below : 

(2) 

Solution 
Momen turn rquatiom. &dying Boussinesq 

approximation. the momentum equations in the solu- 
tion are expressed as below : 
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Fig. 1. Numerical model of crystal growth by THM. 
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Fig. 2. Phase diagram of InP. 

1 a2v, 

= L Ta ?R’ 

where the velocity is nondimensionalised by r&, and 
Y, V4 and w are the nondimensional stream function, 
circumferential velocity and vorticity, respectively. 

v =E 1 is 
R RaZ’ vz= -z(7R (5) 

where If, and V, are the velocity components in the 
radial and vertical directions, respectively. 
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Energ) equations. respectively. (I,, is the nondimensional temperature of 
solids I and II. 

Transport equation ofphosphorus 

dC, i;C, Pr+vRCR+v,g 

(7) 
where Tf is the melting temperature of InP. 

As the concentration of phosphorus is 0.5 in solid 
I and solid II, the diffusion equation does not need to 
be solved. In this case, Cs, [ = (cs,-0.5)/A(,)] = 0. 

The boundary conditions are 

i’o,, 
R=O: z=O 

(3,. and C, are the nondimensional temperature and (nonheated surface) 
the nondimensional concentration of phosphorus in 
indium solvent, 

R= 1: 

(heated surface) 

ix,, 
where c, is the absolute concentration of phosphorus 

Z=O: ,;z=Q, 

(0 G CL . < 0.5) and Ac is the characteristic con- 
centration difference, that is, - 0.5, in the present case. Z=A: $f$= -Q2 

The boundary conditions are 

R=O: Heat und nmw haluncr between solid and solution 
The heat and mass are balanced at the solution- 

VK = 0, V<,, = 0, 0 = 0, (‘0,. Y = 0, - = 0, 
c’R 

solid interface [18] and the balance equations are 
expressed as below. 

ac, 
--0 
f?R 

R= 1: 

Vn = 0, 
2V* 
---0, w=o, Y=O, 

(14) 
?R 

20, 
(7R =.flz-Z,,). 2 = 0 I 
z=Fy: (15) 

V =R t,=L?! VR = 0, v/ = 0, * , I YJ=o where c (i = 1,2) corresponds to the solution-solid 
R ?Z’ ’ 1 and solutionsolid II interfaces. In fact, C,, = 0 

Z-F:: 
according to our definition of the concentration 
(equation (9)). 

V =R c,=?t! As 
V, = 0, v, = 0. d, Y=O 

(lYl,/(?R),_,*,,_ , = (:Q,/?R),_,.,m ,, the 
( t 

R i;Z’ ’ boundary conditions for Ff are introduced as below 

(10) 
dF* 

R=O: “i”R:=O, R=l: &O (16) 
where F: and FT are the positions of the interface 
nondimensionalised by rO. We assume that In equations (14) and (15), the temperature and 
VR = V7 = 0 at Z = F:, FT as c?FT/& and 3Ffldr are the concentration at the solution--solid interface are 
very small. related by the liquidus curve which is shown in Fig. 2 

[ 171. We approximated the curve as below : 
Solids I and II 

Heat conduction equation. cL = -9.148x 10m’3T8+6.578x 10mm”T7 

-2.018x 10 ‘iTh+3.454x 10m”Ts 

3.606x lO~‘T“+2.351 x 10-hT’ 

where i (= 1,2) corresponds to solid I and solid II. -9.354x IO-“T’+2.076 x IO ‘T- 1.970 (17) 
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The nondimensional parameters which appeared in 
the governing equations are summarized below. 

NUMERICAL TECHNIQUE 

The shapes of the solution-solid interface fl and 
FT change in time. Therefore, we solved the problem 
by the boundary fit method. The equations are trans- 
formed into more convenient forms by the coordinate 
transformations shown in equations (19), (20) and 
(21) : 

v = a (solution) 

5, = $* (solid I) 
I 

Z-F; 
E, =- A _ F* (Solid II) 

2 

(19) 

(21) 

The transformed governing equations were solved 
under the boundary conditions by the finite difference 
method. We carried out simulations changing the 
number of grid points : 11 (radial direction) x 33 (ver- 
tical direction), 21 x 83 and 31 x 123. The maximum 
difference in the values of the streamfunction, tem- 
perature, concentration and position of the interface 
was within 3.2%. The Prandtl number and Schmidt 
number were, respectively, 7x lo-’ and 3.7 which 
were estimated by the physical properties of InP [6] 
and the Taylor number was fixed at 150, which cor- 
responds to 5 rpm if the radius of the ampoule is 5 
mm. The initial aspect ratios of solution, solid I and 
solid II were, respectively, 2, 2 and 4. The initial tem- 
perature of the system was set at the melting point of 
indium and the initial concentration of phosphorus in 
the indium solvent was zero. The ratio of the heat flux 
q,/q2 was 2. The Rayleigh number was also estimated 
by the physical properties in ref. [6]. The Rayleigh 
number based on the temperature difference, Ra', was 
changed : 0, 10, 102, 103. The Rayleigh number based 
on the concentration difference, RaC, was 5 x 105. 

RESULT OF NUMERICAL ANALYSIS AND 
DISCUSSION 

We investigated the transient crystal growth process 
with a heater speed of zero until the system reached 
the steady state. The time variation of the position of 
the solution-solid I interface at the centre is shown in 

1.6( r , , / , , ( 
0 1000 2000 3000 4000 5000 6000 

Nondimensional time T 

Fig. 3. Time variation of solutionpsolid I interface. 

Fig. 3, where the initial position of the interface is 
located at Z = 2 and the interface movement in a pure 
conduction case is also shown for comparison. In the 
case of buoyancy convection for RaT = 10 and 
RaT = lo’, noticeable melt-back occurs and crystal 
starts growing after a positive phosphorus con- 
centration gradient has been established at the solu- 
tion-crystal interface. In the case of strong buoyancy 
convection (RaT = 103), although meltback occurs in 
the early stage, the negative phosphorus concentration 
gradient is not very high and a positive phosphorus 
gradient is established very quickly. 

The streamlines, isotherms, isoconcentration lines 
and solution-solid interfaces are shown in Fig. 4. Note 
that the nondimensional temperature is negative when 
the temperature is lower than the melting point (see 
the definition of the nondimensional temperature, 
equations (9) and (12)) and that the absolute con- 
centration of phosphorus is indicated in the figure (see 
equation (9)). Although the Rayleigh number based 
on the concentration is larger than that based on the 
temperature, buoyancy convection driven by the con- 
centration gradient is not strong even compared to 
convection induced by rotation according to our cal- 
culation because the Schmidt number is much larger 
than the Prandtl number and the concentration gradi- 
ent is not very large. Especially, the effect of buoyancy 
convection driven by the concentration difference dis- 
appears in the steady state since the concentration 
gradient becomes zero. In the case of RaT = 10 (Fig. 
4(a)), a small cell remains in the upper part of the 
solution which is induced by rotation, while thermal 
convection becomes dominant in the case of RaT = 10’ 
and lo3 (Fig. 4(b), (c)). In the case of buoyancy con- 
vection of RaT = 10 and 102, the concentration of 
phosphorus becomes minimal in the central part of 
the solution in the early stages, which explains why 
melt-back occurs. The temperature at the interface is 
lower than the melting point of InP and the process 
reaches its steady state when the concentration of 
phosphorus becomes uniform in the solution. In the 
case of strong buoyancy convection (RaT = 103), a 
positive phosphorus gradient is established very 
quickly at the interface. 
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One of the most important factors in solution 
growth is constitutional supercooling. Polycrystals 

saturation concentration corresponding to the cal- 

may be produced if an area is supercooled. The region 
culated local temperature is supersaturated or super- 

where the calculated concentration is higher than the 
cooled. We defined the degree of the constitutional 
supercooling as below. 
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Fig. 4-Continued. 

c - c,,t 
SS- (22) 

local temperature. The area where S is positive is 

c,,t supercooled. In our calculation, constitutional super- 
cooling occurred only in the case of RaT = 103. The 

where c,,~ is the saturation concentration of phos- time variation of the supercooled area is illustrated in 
phorus in the indium solvent corresponding to the Fig. 5. Strong supercooling occurs near the solution- 
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Fig. 5. Constitutional supercooled region (RaT = 103, RaC = 5 x 105, Tu = 150). 

crystal interface in the early stage. InP crystal growth 
may be affected by this strong supercooling [6, 81. 

CONCLUSION 

We studied InP solution growth by THM numeri- 
cally. The transient crystal growth process was simu- 
lated without heater movement until the process 
reached a steady state. The calculation was suc- 
cessfully carried out by the boundary fit method and 
the finite difference method. It has been found that 
constitutional supercooling tends to occur near the 
interface in the case of strong buoyancy convection, 
while it does not appear in the case of weak buoyancy 
convection. 
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